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Abstract. We establish an identity for compact hyperbolic surfaces with or 
without boundary whose terms depend on the dilogarithms of the lengths of 
simple closed geodesies in all 3-holed spheres and 1-holed tori in the surface. 



1. INTRODUCTION 

1.1. Statement of results. In [3], McShane established a remarkable identity for 
the lengths of simple closed geodesies in hyperbolic surfaces with cusp ends. Since 
then there have been many generalizations of McShane's identity, for example, to 
hyperbolic surfaces with geodesic boundaries [S], [TU] and cone singularities |10) . 
Mirzakhani also found fantastic applications of these identities to the computation 
of the volumes of moduli spaces of bordered Ricmann surfaces. There has been much 
research since then towards finding a McShane type identity for closed hyperbolic 
surfaces. In [3 and [10], McShane and Tan et al established such an identity for 
closed hyperbolic surfaces of genus 2. However, the techniques used there do not 
generalize as they depend crucially on the fact that every genus 2 surface admits 
a hyperelliptic involution. The goal of this paper is to establish a McShane type 
identity for simple closed geodesies on any closed hyperbolic surface. Our result for 
the genus 2 case is different from that given in [7] or [10] . The generalization of our 
identity to surfaces with cusps or geodesic boundary also differ from those in [6] or 
[5]. This seems to suggest that there are possibilities of producing many different 
McShane type identities for hyperbolic surfaces. We expect that the identity found 
here will have applications towards the study of the moduli space of curves. 

The identity that we produce involves the dilogarithm of the lengths of simple 
closed geodesies in all 1-holed tori and 3-holed spheres in the surface. Our work is 
motivated by [5], |5], [TU] and [T]. In [T], Bridgeman considers compact hyperbolic 
surfaces with non-empty geodesic boundary and geodesic paths starting and ending 
at the boundary. Our approach is similar to that of [1] in two aspects. First, 
we consider the unit tangent bundle instead of the surface itself, and second the 
identity obtained involves dilogarithm functions. In fact, we use Bridgeman's work 
in producing the main identity. The main idea in arriving at our identity is also 
closely related to the interpretation and proof of McShane's identity in [TU] . 
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In this paper, we consider oriented surfaces. For a hyperbolic surface F, a 
compact embedded subsurface S C F is said to be geometric if the boundaries of 
S are geodesic and proper if the inclusion map i : E — >■ _F is injcctivc. Furthermore 
call a surface simple if it is a 3-holed sphere or one hole torus (both of them have 
Eulcr characteristic —1). Our main result is the following: 

Theorem 1.1. Let F be a closed hyperbolic surface of genus g > 2. There ex- 
ist functions f and g involving the dilogarithm of the lengths of the simple closed 
geodesies in a 3-holed sphere or 1-holed torus, such that 

Y.f{P)+Y.giT)=8n\g-l) (1) 

P T 

where the first sum is over all properly embedded geometric 3-holed spheres P d F, 
the second sum is over all properly embedded geometric 1-holed tori T <Z F . 

The definitions of the functions / and g in the identities are given in fj2] The 
right-hand-side in (1) is the volume of the unit tangent bundle over the surface F. 

Remarks: 

(1) Each T in the second summand can be cut along simple closed geodesies 
into a 3-holed sphere. These 3-holed spheres are not properly embedded. 

(2) Bridgman's identity [1] does not extend to closed hyperbolic surfaces with- 
out boundary. Nonetheless, the terms involved in our identity are similar to 
those of Bridgeman's in the sense that they involve the Roger's dilogarithm 
function. 

(3) Our identity can be thought of as a hybrid of both the McShane and Bridge- 
man identities. It can also be thought of as an identity on the moduli space 

of curves, rather than the Teichmiiller space as the mapping class 
group has the effect of permuting the terms in the summands. 

(4) The theorem can be extended to hyperbolic surfaces with geodesic bound- 
ary and cusp ends. The expression is more complicated though. See theo- 
rem 1.2 below. 

(5) We have been informed by G. McShane that he and D. Calegari have re- 
cently obtained results similar to theorem 1.1. 



1.2. Basic idea of the proof. The key idea is to decompose the unit tangent 
bundle S{F) of a closed hyperbolic surface F according to, and indexed by, the 
properly embedded geometric 1-holed tori and 3-holed spheres in F. The decom- 
position is measure theoretic in the sense that we will ignore a measure zero set in 
S{F). Here is the way to produce the decomposition. For a unit tangent vector 
V G S'(F), consider the unit speed geodesic rays gy{t) and gy{t) {t > 0) determined 
by zbw. If the vector v is generic, then both rays will self intersect transversely 
by the ergodicity of the geodesic flow. This vector v will determine a canonical 
graph G{v) as follows. Consider the path At = <?^([0,i]) U 5^([0,<]) for t > ob- 
tained by letting the geodesic rays g~ and 5+ grow at equal speed from time to 
t. Let ^1 > be the smallest positive number so that At-^ is not a simple arc. Say 
gy{ti) G (7~([0, ^i]) U (7+([0, ti)). Next, let ^2 > be the next smallest time so that 
9v{t2)€g-i[0,t2))Ugt[0,ti]). 
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(a) (b) (c) 

Figure 1. creation of spine 

The union ^^[0,^2] U .9.^[0,ti] is the graph, denoted by G{v) associated to v. 
Its Euler characteristic is —1. The graph G{v) is contained in a unique properly 
embedded geometric subsurface which is either a 1-holed torus or a 3-holed 
sphere in F. Furthermore either the graph G{v) is a deformation retract of 
or is a 1-holed torus so that — G{v) is a union of two annuli (figure 

1(c)). By abuse of notation, we will say in this case that G{v) is also a spine for 
^(w). In this way, we produce a decomposition of the unit tangent bundle S{F). 
Namely, generically, each vector v G S{F) is in a unique geometric 1-holed torus 
T or a 3-holed sphere P so that G{v) is a spine for the subsurface. It remains to 
calculate for a simple hyperbolic surface S the volume of the set of all unit tangent 
vectors v in S so that G{v) is a spine for S. It turns out the volume of this set 
can be explicitly calculated using the dilogarithm and the lengths of simple closed 
geodesies in S. 



1.3. Extension to non-closed hyperbolic surfaces. The identity can be ex- 
tended to finite area hyperbolic surfaces i^J „ of genus g with n geodesic boundary 
components and r cusps, by modifying the function / for 3-holed spheres P whose 
boundaries become peripheral. 

Let „ denote the set of all marked hyperbolic structures a surface „ of 
genus g with n boundary components and r punctures so that the boundaries are 
geodesies and punctures are cusps. Let Fg^n — „ and =^g,„ = 

We have: 

Theorem 1.2. Let F G „ be a hyperbolic surface with geodesic boundaries so 
that its Euler characteristic is strictly less than —1. There exist functions f,f,f : 
^0,3 M+, g : M+ such that 

E /(^) + E /(^) + E /(^) + E 9iT) - 4^'(25 -2 + n) (2) 

P P P T 

where the first sum is over all properly embedded geometric pairs of pants P C 
F with exactly one boundary component in dF, the second is over all properly 
embedded geometric pairs of pants P C F with exactly two boundary components 
in dF, the third sum is over all properly embedded geometric pairs of pants P <Z F 
such that dP D OF = , the fourth sum is over all properly embedded geometric one 
holed tori T C F. 
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Furthermore, if lengths of k boundary components of Fg,n tend to zero, then 
each term and each summation in (2) converge. The limit is the identity for all 
hyperbolic surfaces of genus g with n ~ k geodesic boundary and k cusps. 

The right hand side of (2) is the volume of the unit tangent bundle over F . 

1.4. Plan of the paper. In section[2j we define the functions /, 5, /, / in ([T]) and 
([2]). In section[3l we describe how to decompose the unit tangent bundle S{F) of the 
surface F by showing how each v G S (F) generates a spine for a simple subsurface 
Y, C F. In section m for simple subsurfaces T, C F, we identify the subset of the 
unit tangent vectors in S'(E) which generate spines for E with a subset of S{BP). 
In section 5, we derive the formula for the measure of the set studied in section 4, 
thereby giving the formulas for /, g, / and /. Finally, in the appendix, we first give 
an interpretation of the pentagon relation for the dilogarithm function in terms of 
lengths of right-angled hyperbolic pentagons and then explain why different rules 
for generating the spines G{v) will result in the same theorem ll.il 

Acknowledgements. The authors thank Norman Do, Greg McShane, Yasushi Ya- 
mashita and Ying Zhang for helpful conversations. They also thank Bill Goldman, 
Scott Wolpert and Danny Calegari for helpful comments on the first version of the 
paper. Part of this work was carried out during the program on the Geometry, 
Topology and Dynamics of Character Varieties held in the Institute for Mathemat- 
ical Sciences in NUS in the summer of 2010, the authors thank the IMS for its 
support. The first author thanks the Center of Mathematical Science at Qinghua 
University, China where part of the work was carried out. 

2. Definitions of the functions 
In this section we define /, g, /, / in the identities H]) and ([2]). 

2.1. Dilogarithm and Roger's dilogarithm functions. We first recall the dilog- 
arithm function Li2 and the Roger's dilogarithm function C. See [9] for more details. 
The dilogarithm function Li2 is defined for \z\ < 1 by the Taylor series 

CXD „ 

Li2W = E^ (3) 

n— 1 

SO that for .t G R with x < 1, Li2{x) = — i°s(i-z) ^j^:. 
The Rogers ^-function is defined by 

C{x) = Lhix) + i logdxl) log(l - x) (4) 

so that C'iz) = -\ (Mi^ + M£) j and £(0) = 0. It satisfies L{x) + C{1 - x) ^ 

7r^/6 for < a; < 1. The fundamental identity which characterizes the function 
C{x) is the following pentagon relation, for x,y G (0, 1), 

Cix) + C{y) + C{1 xy) + C{^—^) + L{^—^) = ^. (5) 

1 — xy 1 — xy 2 

A geometric interpretation of ([5]) in terms of the lengths of right-angle hexagon is 
given in the appendix. 
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2.2. Length invariants of 3-holed spheres. Let P e ,^o,3 be a hyperbolic 3- 
holed sphere with geodesic boundaries Li,L2,L3. For {i,j,k} = {1,2,3}, let Ali 
be the shortest geodesic arc between Lj and Lk, and Bi the shortest non-trivial 
geodesic arc from Li to itself. Note that Mi and Bi are orthogonal to dP. See 
figure [2l We define: 

• k to be the length of Li. 

• rrii to be the length of Mj. 

• Pi to be the length of Bi. 

Note that P is decomposed into two right-angled hyperbolic hexagons with cycli- 
cally ordered side- lengths {^, ma, mi, 7712} by cutting along the Mi. Fur- 
thermore, cutting along each Bi decomposes the two hexagons into 2 right-angled 
pentagons. See figured 




Figure 2. 3-holed sphere 

The sine and cosine rules for right angled hexagons and pentagons say that for 
{i,j,fc} = {1,2,3}, 

sinhm," sinhm, sinhmi. , , 

— = ^— = — (6) 

sinh(;,/2) sinh(/j/2) sinh(Zfc/2) ^ ' 

coshmi sinh(^j/2) sinh(^fc/2) ~ cosh(Zi/2) + cosh(Zj/2) cosh(/fc/2) (7) 

cosh(pfc/2) — smh{li/2) sinhm^ (8) 
In particular, all lengths mi,pi can be expressed in terms of li, I2 and Z3. 

2.3. Length invariants of 1-holed tori. Let T G ^\.\ be a hyperbolic 1-holed 
torus with boundary component C. For any non-boundary parallel simple closed 
geodesic A on T, cutting T along A gives a hyperbolic pair of pants with 
boundary geodesies C, and A~ , see figure 121 Let 

• c be the length of C 

• a be the length of A 

• mA be the shortest distance between C and A^ in Pa (or A^) 

• Pa be the length of the shortest non-trivial geodesic arc from C to C in Pa 

• qA be the length of the shortest non-trivial path from to A^ in Pa. 
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Figure 3. cutting 1-lioled torus into a 3- holed sphere 



2.4. The main functions and the identity. The functions / and g in theorem 
1.1 arc given as follows. Wc first define the lasso function La{l,m) to be 



l-xy 



where 



e~' and y = tanh^(m/2). The three terms above appear in ([5]). 
Now for P € with length invariants /i, rrii and pi, as given in 

1 < *j j < 3, we define 



(9) 



and 



f{P) 



1=1 



^ ) + £( ^ ))+YLa{k 

cosh2(m,/2)^ cosh2(p,/2)^^ ^ 



(10) 



1 - X, 



xiyj 



1 -j/j 

1 - Xiyj 



))-J2{C{yk)+£{ 



1 



fe=i 



cosh'(pfc/2) 



)) 



Xij/j ■ ■ 1 



(1 - 2^1) % 



where cc^ = e ^ , yi = tanh {mi/2) and by 
{1,2,3}. 



1 _ (l-y,)-a;. 



(11) 



(12) 



for k} 



For T € with boundary geodesic C, we define 

1 



g{T) :^4n'^8Y.(^{ 



COSh\pA/2) 



) + 2La(a, m^)) 



(13) 



where the sum is taken over all non-boundary parallel simple closed geodesies A on 
T and c, a, and ttia are defined as in §2.31 A further simplification of g(T) is 
obtained recently, see [4] for details. 



Theorem 2.1. (^) 



9{T) 



E{4-'-8[2^( 



^(- 



cosh^ (771^/2)' 'cosh^((;A/2) cosh^(pA/2)' 



-2ia(c/2, TO^) + 2ia(a, toa)] } 



(14) 



where the sum is taken over all non-boundary parallel simple closed geodesies A on 
T, and c, a, pA, nriA and qa are defined in 
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Identities ([Tl]) .(fT2 |) . (|13p and (fT4|) put the main identity ([T]) in theorem 11.11 as a 
sum over ah homotopy classes of essential embedded 3-holed spheres in the surface 
F. At this moment, wc arc not able to reconcile the two different expressions in (|12p 
and (|14p. The function £( — ) was first introduced and used by Bridgeman 

For the identity ([2]) in Theorem 1 1.21 the functions / and / are defined using the 
lasso function La{l, m) and the function f{P) as follows: 

f{P) f{P)+8{C{ } )+La{l2,ms)+La{k,m2)) 

cosh {pi/2) 

where dP n dF = Li and 

+ 8{La{l2, ma) + La{l3, 1112) + La{l3, mi) + La{li, m^)) 
where dP n dF ^ LiLi L2. 

Remark. The expressions f{P), g{T), f{P) and f{P) defined above are still valid 
if P or T are hyperbolic surfaces with some cusp ends. Namely, if some h or c tend 
to (which imply the corresponding m^'s and p^'s tend to infinity), the functions 
f,g, /, / converge to well defined limit functions. If we use these limit functions in 
([2]), then ([2]) becomes the identity for finite area hyperbolic surfaces F with geodesic 
boundary and cusp ends. In this case, the right-hand-side of ([2]) is the volume of 
the unit tangent bundle of F and the left-hand-side is the sum over all hyperbolic 
3-holcd spheres P and 1-holed torus T where P may have cusp ends. For simplicity, 
wc omit the details here. Some details, including an identity for the cusped torus 
can be found in [4]. 

3. Decomposing the unit tangent bundle of the surface 

Suppose is a compact hyperbolic surface with or without boundary so that 
if dF then dF consists of geodesies. Let S{F) be the unit tangent bundle 

of F and be the measure on S{F) invariant under the geodesic flow so that 
li{S{F)) ^ -47r2x(F). 

We will produce a decomposition of S{F) as follows. Given a vector v G S{F), 
let 5+ and g~ be the geodesic rays determined by v and —v. By the ergodicity of 
the geodesic flow, for generic choice of v with respect to we may assume that 

(1) if dF = 0, each geodesic ray g~ and g+ is not simple and intersects every 
closed geodesic, 

(2) if dF 7^ 0, each geodesic ray g^ and 9+ intersects dF. 

Indeed, the set X of all v^s in S{F) satisfying (1) is invariant under the geodesic 
flow. Furthermore, the set X has positive /i-measure. It follows that iJ,{S{F) — X) = 
0. To see (2), we apply the ergodicity of the geodesic flow to the metric double of 
F across the boundary of F. 

In the sequel, we will focus only on these generic vectors v. 

Given a generic vector v G S{F), we define an associated graph G{v) to v as 
follows. 

Let ti > be the smallest number so that the geodesic segment g~[0,ti] U 
^^([O, ti]) either intersects dF or intersects itself. Say for simplicity that this occurs 
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ill the ray 5+. This means g^{[0,ti]) U .g+([0,ti)) is a simple path in F so that 
g^{ti) is in dF or in ,9,^7 ([0, ti]) U (jf+([0, ii)). Next, let t2 > ti be the smallest 
number so that g~ {12) is either in dF or in g~ ■([0,^2)) Ug+([0,ti]). The associated 
graph G{v) is defined to be the connected component of g,~ ([0, t2]) U.g+([0, ti]) U9F 
which contains g+(0). In particular, G{v) = g7([0,i2]) U g+([0,ti]) if dF = 0. By 
the construction, the Euler characteristic of G{v) is always —1. We also define 
G{v)° := (?~([0,i2]) U 5^([0,ti]); with the orientation induced from v. Note that 
G{v)° = G{v) if G{v) n dF = 0, otherwise, it is a strict subset of G{v). See figure 
1 for closed surfaces and figure 4 for surfaces with non-empty boundary. 




(a) (b) )c( 

Figure 4. creation of spine 

Recall that for a hyperbolic surface F, a compact embedded subsurface 5 C F is 
said to be geometric if the boundaries of S are geodesic and proper if the inclusion 
map i : S F IS injective. Furthermore a surface is simple if it is a 3-holed sphere 
or 1-holed torus. 

Proposition 3.1. The graph G{v) is contained in a unique geometric embedded 
simple surface 

Proof. Cutting F open along G(w), we obtain a (possibly disconnected) surface 
whose metric completion F is a (possibly disconnected) compact hyperbolic surface 
with convex boundary. The boundary of F consists of simple closed geodesies 
(corresponding to components of dF not in G{v)) and piecewise simple geodesic 
loops (corresponding to G{v)). 

If 7 is a piecewise simple geodesic loop in dF, it is freely homotopic to a simple 
closed geodesic 7 in F which is a component of the boundary of the convex core 
core{F) of F . Furthermore 7 and 7 are disjoint by convexity. Therefore, 7 and 
7 bound a convex annulus exterior to core(F) and G{v) is disjoint from core{F). 
The subsurface T,{v) C F is the union of these convex annuli bounded by 7 and 
7. The Euler characteristic of Tj{v) is —1 by the construction. The surface S(w) is 
unique. Indeed, if E' 7^ E C F is a simple geometric subsurface so that G{v) C S', 
then E' has a boundary component say B which intersects one of the boundaries 7 
of E transversely. Therefore, B must intersect the other boundary 7 of the convex 
annulus described earlier. Hence it intersects G{v) which contradicts G{v) C E'. □ 

Note that topologically a regular neighborhood N{G{v)) of the graph G{v) is ci- 
ther the 3-holed sphere Fq^s or the 1-holed torus Fi.i. In the case that N{G{v)) = 
Fo_3 so that two boundary components of N{G{v)) arc freely homotopic, then 
E(7j) = Fi_i and E(ti) — G{v) consists of two annuli (see figure 1(c)). In this 
case, G{v) is not a deformation retract of E('i;). In all other cases, E(w) is isotopic 
to N{G{v)) so that T,{v) deformation retracts to G{v). 



A DILOGARITHM IDENTITY ON MODULI SPACES OF CURVES 



9 



As a consequence, we have produced the foUowing decomposition of the unit 
tangent bundle S{F). Given a simple geometric subsurface S in F, let 

WiT.) = {ve S{F)\G{v) c E}. 
Then by proposition 13. 1[ we have the following decomposition 

P T 

where Z is a set of measure zero and the union is over all simple geometric 3-holed 
spheres P and 1-holcd tori T. 

Take the measure of the above decomposition, wc obtain the main identities 
(P) and © in Theorems O and O 

^,iSiF)) = '^(^(^)) + E (15) 

P T 

The focus of the rest of the paper is to calculate the volume of for simple 

surfaces S. 

We end this section with a related simpler decomposition of S{F) indexed by 
the set of all simple closed geodesies. For simplicity, we assume that is a closed 
hyperbolic surface. Given a generic unit tangent vector v, the geodesic ray 
intersects itself. Let ti > be the first time so that g^iti) € g^{[0,ti)), say 
= gt{t2) for some < ^2 < ti. Then g^\[t2,ti] is a simple loop freely 
honiotopic to a simple closed geodesic s in F. Denote gy{[t2,ti]) by Lopiv). For 
any given simple closed geodesic s in F, let U{s) = {v & S{F)\Lop{v) = s}. 
Then we obtain a decomposition S{F) ~ Z' |J |J^ C/ (s) where the disjoint union is 
indexed by the simple closed geodesies s and /z(Z') — 0. The associated identity is 
fi{S{F)) = J2s f^i^i^))- However, we are not able to calculate fi{U{s)). It is not 
clear if ii{U{s)) depends only on the length of s and the topology of F. 

4. Identifying the sets in the decomposition 

We will investigate the sets W{P) and W{T) by studying their complements in 
S{P) and S{T). We will decompose the complementary sets into a disjoint union of 
sets, and identify each with subsets of S{EP) in this section so that the computation 
of their volume can be carried out in §5. 

For simplicity, we will deal with closed hyperbolic surfaces F. The modification 
for surfaces with non-empty boundary is easy, see H5.'3[ For a generic unit tangent 
vector V G S{F), G{v) is a graph lying in a simple geometric surface E of F. In 
particular, v g 5'(E). Now for v € 5'(S), let Gs{v) be the associated graph of v in 
S. Then by definition, 

= {v e 5(S)|G(t;) = G^{v)}. 

To calculate fi{W{T,)), we will focus on the complement 

= - W{J:) = {ve S'(I])|Gs(w) ndT.^ 0}. 

To this end, recall that Gs(v) = .g,+ ([0,ti]) U g-{[0,t2]) U B where B consists 
of some boundary components of E {B could be the empty set). Let G^{v) and 
G^(w) be the geodesic paths g^Mfo,*!] and .g^7l[o.t2] defined in ^ By definition, 

V{T,) — {v £ S{J^)\ G^{v) or G^{v) is a simple arc ending at dT,}. 
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There are two cases which can occur. Namely either both G^{v) and G^{v) are 
simple arcs ending at dY, or exactly one of them ends at 9S. 

These two cases will be discussed separately in the case E is a 3-holed sphere in 
the subsections ^4.21 and i)4.3l below, and in i)4.5l in the case E is a 1-holed torus. 
We will first recall some facts in ^4. II about convex hyperbolic surfaces. 

4.1. Preliminaries on convex surfaces. Suppose X is a compact connected 
surface with a hyperbolic metric so that dX consists of convex curves. Then, 
unless X is simply connected, each component of dX is an essential loop in X 
homotopic to a geodesic. As a convention, we will identify the universal cover X 
of X with a convex subset of . 

The following notation and conventions will be used. For a hyperbolic surface 
Y, a geodesic path is a map s : [a,b] Y satisfying the geodesic equation so that 
s'(t) £ S{Y). We are mainly interested in geodesic paths whose end points are in 
BY. A geodesic path s is called a geodesic loop if s{a) — s(b). A simple geodesic 
path or loop satisfies the condition that s\(^a.b) is an injcctive map. Two paths 
ai : {[ai^bi], {ai,bi}) — > (X^dX), i = 0,1, are homotopic, denoted by ao = ai if 
there is a homotopy H : {[0,l]x [0, 1], {0, 1} x [0, 1]) {X, dX) so that H{t, i) = 
oti{ai + tibi — Oi)) for i = 0, 1 and all t. Two loops Ui, i = 0, 1, with the same base 
point p = ai{ai) = ai(bi) which are relatively homotopic with respect to p will be 
denoted by ao — cti rel{p}. 

The main technical result in this subsection is the following: 

Proposition 4.1. Suppose X is a compact non- simply connected hyperbolic surface 
with convex boundary. 

(1) If X is a topological annulus, then any geodesic path s in X joining different 
boundary components of X is simple; 

(2) If s = t are two geodesic paths in X joining different boundary components 
of X and t is simple, then s is simple; 

(3) If p e dX and s : ([0, a], {0, a}) {X, {p}) is a geodesic path so that s t 
rel{p} and t is a simple loop, then s is a simple loop. 

Proof. We will need the following simple lemma whose proof is omitted. 

Lemma 4.2. Suppose j is a hyperbolic isometry of with axis A and g is a 
geodesic intersecting A transversely. Then 7"((?) Cl g ~ $ for all n Cz Z — {0}. 

To see (1), let c be the unique simple closed geodesic in X. Then s must intersect 
c in X. Lifting s and c to the universal cover and using the above lemma, we see 
that any two distinct lifts of s in X arc disjoint. Thus s is simple. 

To see (2), suppose otherwise there exist two distinct lifts si and S2 of s : [0, d] — > 
X in A" so that the interiors of si and S2 intersect. Let s join boundary components 
a and 6 of X and di and bi be the lifts of a and b so that Si{0) € di and Si{d) € bi. 
Since s = t, hy the homotopy lifting theorem, there exist two distinct lifts ti and 
^2 of t in A' so that ti joins di to 5j. 

We claim that interiors of ti and t2 intersect. This in turn contradicts the fact 
that t is simple. 

To see the claim, first, we note that oi is disjoint from 02. For otherwise, 
.''2 = 7"(si) for a deck transformation element 7 corresponding to the boundary 
a of X. Furthermore, due to convexity both si and S2 intersect the axis of 7. 
Thus by the lemma above, si is disjoint from S2 which contradicts the assumption. 
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Figure 5. lifting and disjointness 



By the same argument we see that bi is disjoint from 62- Since a (1 b ~ $ hy 
assumption, we see that {ai, 02, 61, ^2} consists of four distinct convex curves in 
X. Let Ai, A2, Bi, B2 be the four disjoint half-spaces in bounded by these four 
convex curves. Let S"^ be the circle at infinity of the hyperbolic plane. Then 
si n S2 7^ is equivalent to saying that Ai n 5*^ and Bi n 5*^ are in the different 
components of S*^ — A2U B2. This in turn implies that interiors ti and t2 intersect. 
Thus part (2) holds. 

The proof of part (3) is similar to that of (2). Suppose the result is false. Then 
there exist two distinct lifts si,S2 : [0,d] ^ X oi s : {[0,d],{0,d}) — {X,{p}) so 
that si{di) = S2(d2) for some di,d2 G (0,d). Let ti,t2 be the lifts of t so that 
the end points of ti are the same as that of Si (by the homotopy lifting property). 
We claim that the interior of ti intersects the interior of t2 ■ This would produce a 
contradiction to the assumption on t. 

To see this, let Si(0) € di and Si{d) € bi where di and hi are lifts of the same 
boundary a of X. By the same argument as above, we see that oi H 02 = and 
61 n 62 = 0. However, it is possible that di = 62 and 02 = &i. If {01,02,61,^2} 
are pairwise disjoint, then the same argument as above shows that the claim holds. 
In the other cases, {oi, (f2, 61, 62} consists of 2 or 3 geodesies, the same argument 
again shows that the interiors of ti and t2 intersect since si and S2 are geodesies 
and ti and Si have the same end points. See figure [5] □ 

4.2. Vectors v in V{P) so that G~jl,{v) and Gp{v) are simple arcs ending at 

dP. We begin by recalling the beautiful work of M. Bridgeman [I] relevant to our 
setting. Given a compact hyperbolic surface X with geodesic boundary and a (not 
necessarily simple) geodesic path a : ([0, a], {0, a}) (X,dX) so that a'{Q) and 
a' (a) are perpendicular to dX, let 

H{a) = {s'{t)\s : ([0, 6], {0, 6}) ^ {X,dX) geodesic, so that s ^ a}. 

Theorem 4.3. (Bridgeman) The measure /i(i?(a)) of H{a) is '^^{ ^Qg^-^i(\(^i^y2) ) 
where l{a) is the length of a. 
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Calegari gave a very nice short and elegant proof of this in [2]. If we use a"^ 
to denote the reversed path ct^^{t) = a{a — t), then the measures of H{a^^) and 
H{a) arc the same. In Bridgeman's work, he considered unoricnted paths, i.e., the 
elements in H{a) U H{a^^) and showed that its measure is J^^.^^^-^ ). For 

simplicity, we use H{a^^) to denote H{a) U H{a~^). 

The main result in this section is to prove: 

Proposition 4.4. Suppose P is a hyperbolic 3-holed 3-sphere with geodesic bound- 
ary components Li, L2, L3 and the shortest paths joining boundary components being 
Mi and B, as in ^2.S[ Then 

(1) {v e S{P)\G+{v),Gp{v) both simple arcs ending at dP} C Uf^^ ^)U 

(2) uU{H{Mt')UH{Bt'))cV{P). 

Proof. To see (1), by the construction of G^{v) and Gp{v), the interiors of these 
two simple arcs are disjoint. It follows that the geodesic path G~^{v) U Gp{v) 
is a simple path with end points in dP. It is well known that any simple path 
s ■ ([0, 1], {0, 1}) — {P,dP) is homotopic to Mi, or Bi, or a point. The path 
Gp{v) U Gp{v) cannot be homotopic to a point since it is a geodesic path. Thus 
the conclusion follows. 

To see (2), let s : [0,a] —> P be a geodesic path homotopic to Mi or Bi. If 
s = Mi, by proposition HIT] (2), s is simple. Thus s'{t) e V{P). If s = B^, we 
claim that there exists b € (0,a) so that s|[o,6] and s|[f,.a] arc simple arcs. To see 
this, first of all, the path s intersects Mi in exactly one point. Indeed, if there are 
at least two points of intersection, then there will be a lift s of s in the universal 
cover P so that s intersects two distinct lifts ai and 02 of Mj. Let B be the lift 
of Bi so that both B and s start and end at the same geodesies which are lifts 
of Li. Then B intersects ai and 02, i.e., Bi intersects Mi at two points. This is 
impossible. Furthermore, by topological reasons, s must intersect Mi. It follows 
that s intersects Mi in exactly one point, say s{b) G Mi for some b € (0,a). We 
claim that a := s|[o.f,] and (3 := s\^i„a] a-re both simple arcs. Indeed, let X be the 
surface obtained by cutting P open along Mi. Then X is a convex hyperbolic 
surface homeomorphic to an annulus. Both paths s|[o,b] and s|[t,_a] are geodesies 
in X joining different boundary components of X. Thus, by proposition 14. 1[ both 
of them are simple and both intersect the unique closed geodesic Li in X. It is 
well known that if are two oriented geodesies in a convex hyperbolic annulus 
X so that both x,y intersect the closed geodesic in X, then all intersection points 
between x with y have the same intersection sign. See figure [SJa) for a pictorial 
explanation in the universal cover. Thus all intersection points between a and /3 
have the same sign. 

We now finish the proof of (2) by showing that for any t G (0, a), s'{t) € V{P). 
Suppose otherwise, there exists to € (0, a) so that v = s'(io) G W{P), i.e., the 
graph Gp{v) does not intersect dP. Since s([0,a]) is a union of two simple arcs, 
the graph Gp{v), considered as a sub-path s|[Ti,T2] in ■s, is a union of two simple 
arcs. Since Gp{v) is embedded in the planar surface P, by definition of Gp{v), 
there are two possible embedding of Gp{v) in P as shown the figure [6lb),(c). 

In the first case, there are two disjoint simple loops in the graph Gp{v). In this 
case, Gp{v) cannot be a union of two simple arcs due to the disjoint simple loops. 
In the second case, the graph Gp{v) can be expressed as a union of two simple arcs 
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Figure 6. embedding of graphs 



X and y in an essentially unique way as shown in figure [UJc) . Let pi and p2 be the 
two vertices of Gp{v) and orient both ares x and y. Then the interseetion signs 
at pi and p2 from x to y arc opposite. It follows that this case does not occur in 
s([0, a]) by the calculation above. This ends the proof of (2). 



4.3. Lassos. For a hyperbolic 3-holed sphere P, it remains to identify the set 
V{P) - {jLii^iM^'^) U H{Bf^)). If V is in the set, then one of G%{v) or Gp{v) 
is a simple arc ending at dP and the other one is part of, or contains a loop. Thus 
Gp{v) is a lasso (see figure|3Ka)), as defined below. 

Definition 4.5. (Lassos) Let X be a hyperbolic surface with geodesic boundary. 
A positively oriented lasso on X is a geodesic path 



(1) a(Ti) e dx, 

(2) a is injective on {Ti,T2), and 

(3) a(T3) = a(T2) for some Ti < T3 < T2. 

The image of a, ignoring orientation, is a lasso. A negatively oriented lasso /3 is 
a geodesic path so that P{—t) is a positively oriented lasso. Call a{Ti) the base 
point, a{T2) = a{T3) the knot, Q![ri,r3] the stem, a\[T3.T2] the loop, and a(^^-j^) 
the midpoint of the loop of the lasso. Note that a{Ti,T2) D dX ~ 0. 

The midpoint of the loop a{ '^^~^'^^ ) is diametrically opposite to the knot in the 
loop of a lasso. If 7 is the unique oriented geodesic on X homotopic to the loop of 
a, then the loop of a and 7 bound a hyperbolic cylinder A embedded in X. It is 



□ 



a : [Ti,T2]^X 



such that 
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easy to see by lifting to the universal cover that q;(2^-^^) is the point on the loop 
which is closest to 7 on the cylinder A. 

Note that if a and /3 are two lassos so that a is positively oriented and /3 is 
negatively oriented, then by definition a'{t) 7^ f3'{t') for all parameters t,t'. Fur- 
thermore, the involution map v —v in S{X) sends tangent vectors to positively 
oriented lassos to that of negatively oriented lassos. Thus it suffices to calculate 
the measure of tangents to positively oriented lassos. 

Proposition 4.6. Suppose that a : [Ti,T2\ — > S is a positively oriented lasso in 
a compact hyperbolic surface S with geodesic boundary, and a{T3) = a(T2) is the 
knot of a. Then G^{a'{t)) - = a{{Ti,T2]) if and only if Ti < t < 2i±2i. 

Proof. The midpoint a{-^-^Y^) ^^'^^ on the critical set where if we exponentiate in 
both directions at equal speed, we reach the knot of the lasso at the same time. For 
Ti < t < ^^3^, we get the lasso a and for "^^^-^^ < t < T, we will exponentiate in 
the other direction of the knot and G^{a'{t)) will not include the stem of a. □ 



In the rest of the discussion, we assume surfaces are oriented so that their bound- 
aries have the induced orientation. Given v g V{P) - ULi(^(^^^^) ^ H{Bf^)), 
the graph Gp{v)° (see 321) is a lasso. Since its loop is simple, it is freely homotopic 
to L^^ for some i. 

For i,j, k distinct, let W{Li, Mj) be {v G S{P)\ Gp{v)° is a positive lasso whose 
loop is homotopic to L^, the base point of Gp{v) is in L^, and v ^ {Ji=i{H{M^^)\J 
H{B^^))}. Let W{L^^ , Mj) be the set defined in the same way except the loop of 
the lasso is homotopic to . Let A : S{P) — > S{P) be the involution A('i;) = —v. 
A sends vectors generating positive lassos to those generating negative lassos, and 
vice versa, since Gp{v)° = Gp{—v)° with opposite orientations. 

We have: 

Lemma 4.7. The set V{P) - {f,^^{H {Mf^) U H{Bf^)) can he decomposed as 
\_\{W{L,,Mj) U W{L-\M,))[}A{[}{W{U,M,) U W{L-\M,))). 

In particular, 

f,{V{P)) = 8j2m ,2] ,,J +A J, ^^. ))+4^MmL„M,-)). 
^ cosh (m,/2) cosh [pi/2) ^ 

Proof. The decomposition in the first sentence follows from the above discussion. 
We claim that W{L,,Mj) and W{L-'^,Mj) are related by an isometry of P. In- 
deed, the hyperbolic 3-holed sphere P admits an orientation reversing isometry R 
so that R\Mi ~ id and R interchanges the two hexagons obtained by cutting P 
open along M^'s. In particular, R reverses the orientation of each boundary com- 
ponent. Therefore, the derivative i?* of R sends W{Li,Mj)) to W{L'^^ ,Mj), i.e., 
R,{W{L,,Mj)) = W{L-\Mj)). In particular, ^(iy(L,,Mj)) = /i(iy(L-\ Mj)). 

□ 
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4.4. Understanding the set W{Li, Mj). We begin with some notation. The 
circle at infinity of the hyperboHc plane is denoted by . Given x ^ y E M'^U S}^ , 
let G[y, x] be the oriented geodesic from y to x. In particular, if .t 7^ y G S*^, then 
G[y^x] is the complete oriented geodesic determined by y,x. 

Consider the universal cover P of the hyperbolic 3-holed sphere P as a convex 
subset of so that the covering map is 11 : P P. We assume that P and P are 
oriented so that 11 and the inclusion map i : P — > are orientation preserving. 
Cutting P open along the shortest paths M^'s joining Lj to Lk (i ^ j ^ k ^ i), we 
obtain two right-angled hexagons in P. Let Q be a lift of one of the hexagons in P 
to P so that Q is bounded by complete geodesies Li and M* with n(Li) = Li and 
n(Af* n Q) = Mi. We choose the lift Q (of one of the hexagons) so that the cyclic 
order Li — L2 — >■ L^ coincides with the orientation of Q. Let Ri be the hyperbolic 
reflection about the geodesic M*. Then 7^ = Pj_|_2i?i+i is the deck transformation 
group element so that "fi{Li) = Li and 7, corresponds to the oriented loop L,. The 
closure of the region in bounded by Li, L2 and L3 intersects the circle at infinity 
of in three disjoint intervals Ii,l2, 13 where li is disjoint from the closure of 
Li. See figure [Tlja). It is known that for n 7^ 

7r(/.)c/.+iU/.+2 (16) 

and 

end points of 7j™i(I/i) are in li for m > (17) 
where indices are counted modulo 3. See for instance [3] for a proof. 

In the rest of the subsection, we will focus on 1^(272,-^/3) (i.e., i=2, j=3). The 
general case of W{Li, Mj) is exactly the same. 

For simplicity, we let I := I2 and m := 7713. After conjugation by an isometry 
of H^. we may assume that L2 = G[oo,0]; L3 = G[e, f], Li ~ G[c,d] with < 
e < f < c < d, and 72(c) = 1. Since 72(2) = e^'z, we have c = e'. Note that 
Ii = [0, e] in this case. By p7)). 72(i'i) = G[l,e~^d] has end points in /i, i.e., 
1 < e^'rf < e. Also, since the distance between P2 and Pi is m and c = e', we have 
d = e' coth2(f ). See figure EKb). 




Figure 7. hfts of boundary 
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Define the subset ^l2,3 of S'(H^) as follows. Given x, y with < a; < 1 and 
c < y < d, let q he the intersection point G[y, x] D Li and let p be the point on 
G[y,x] so that the Euclidean ray Op is tangent to the semi-circle G[y,x]. If 7 is a 
geodesic path and v = 7'(i), we denote it by u e 7. Then 

172,3 = {ve S{lf)\v e G[y,x],0< x<l,c<y<d,andve G[q,p]}, (18) 

where c = e\d = coth^(m/2). 

The main result in this subsection is the following: 

Proposition 4.8. Let 11, = DIl be the derivative of the universal covering map 
n : P — > P. Then induces a bijection from 172,3 W{L2, M^). In particular, 
the volume of W{L2t M^) is p{^l2,z)- 

Proof. We will first show that 11,(172,3) C W{L2tL^) and then show that n,|o2 3 
is a bijection. 

To see 11,(172.3) C W{L2, L3), take a vector v G ft2.3 so that v £ G[q,p] C G[y, x] 
as in (|T8)) . 

Lemma 4.9. Let j5 ~ G[q,^2(q)\ be the geodesic in from q £ Li to j2{q)- Then 
the projection n(/3) = /3 is a simple geodesic loop in P based at q' = ^{q)- 

Proof. By proposition 14.11 it suffices to show that that /3 ~ (5 rel(q') where (5 is a 
simple loop at q'. Indeed, consider the shortest path ai = G[q, qi] from qto qi G L2- 
Since dist(Li, L2) = dist{Li, L2), the projection n(ai) is homotopic to M3, the 
shortest path from L2 to Li. Thus, by proposition 14. 11 n(ai) is a simple arc from 
Li to L2. Now by the construction, /3 and the path ai * G[qi, 72(91)] * 72(ar^) have 
the same end points in iP. Thus /? ~ n(ai) *n(G'[gi,72((7i)]) *n(72(ai)-i) rel(q')- 
Since n(ai) is an embedded arc whose interior is disjoint from n(G[qi, 72(91)]) 
(=2^2), by a small perturbation, the loop n(ai) * n(G[qi, 72(91)]) * 11(72(01)"-^) is 
relatively homotopic to a simple loop 5 based at q' . It follows that P ~ 5 rel((7') 
where 5 is simple. See figure [HI □ 




Figure 8. homotopic loops are simple 

Since the simple loop j3 is disjoint from L2 and is homotopic to L2, there is an 
annulus A in P bounded by (3 and L2. Note that A has convex boundary. The 
universal cover A of A can be identified with the convex region in bounded 
by L2 and the simple path U„ez72(i5)- Now we show that n,(w) e W{L2,M'i). 
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Consider the geodesic 7(t) = U^.{G[q,x]) in P where 7(0) = Il{q). For t smah, 
by the construction, ^(t) is in the annulus A. Since the vector v is assumed to 
be generic, ^{t) £ dP for some t > Q. Thus there is the largest T £ (0, 00) so 
that 7([0,T]) C A. First 7(T) cannot be in L2. Indeed, if this occurs, since A is 
an annulus, 7|[o.t] — -^^3- This implies that G[q,x] intersects L2 and contradicts 
a; > 0. It follows that 7(T) G /3. We claim that, 7[o,t] cannot be a simple arc. 
Otherwise, since A is an annulus and 7|[o,t] is an arc joining the same boundary 
component (3 of A, 7[o.t] — S where (S is a simple geodesic arc in /3. This contradicts 
Gauss-Bonnet theorem since there will be a bi-gon bounded by S and 7|[o,t] in the 
annulus A. It follows that 7|[o,t] is not simple. Let < Ti < T be the time so 
that 7|[o,Ti] is a lasso based at ll{q) inside A. The loop of this lasso is homotopic 
to L2 which is the only simple closed geodesic in A. Furthermore, the mid-point 
of the loop of the lasso 7|[o,Ti] lifts to a point in G[y,x] which is closest to the 
geodesic Thus the midpoint of the lasso is n(p). Finally, the geodesic path 
Gp(Ilt,{v))UGp(n*{v)) is not homotopic to M^-^ and to Pf^. Indeed, if otherwise, 
then a lift of this path with initial point q will end either on L2 (homotopic to M3) 
or L3 (homotopic to M2), or 72(^1), or 73(^1) (homotopic to Bi). All these cases 
contradict the assumption that < x < 1. This shows that 11, (w) £ W{L2, M3). 

Next, we show that 11*1 is onto. To see this, take a vector v £ W{L2, M3) so that 
its graph Gp{v)° is a lasso based at a point q' in Li. We claim there is a simple 
geodesic loop /3 in P based at q' so that /3 intersects the lasso Gp{v) only at q' and 
/? is freely homotopic to ^2- Indeed, cutting the surface P open along the lasso 
Gp{v), we obtain two convex annuli. See figure |9l^b), (c). One of the annulus, say 
Ai, contains L3 as a boundary component. Let qi and q2 be the preimages of q' in 
Ai and let c be the arc in the boundary of Ai joining qi to q2 so that c is disjoint 
from the preimage of Li. 



Li 




Figure 9. cutting surface open along lasso 

Since Ai is convex, there exists a shortest geodesic path p in Ai joining qi to q2 
so that p c rel({(7i, (72})- Since the knot point of the lasso is a non-smooth point 
of c, the path p is different from c. The simple loop /? is the quotient of p in P. 
Consider /3 as a loop P : ^ P and let a : R — > P be a{t) = /3(e**). Since (3 is 
freely homotopic to L2, there exists a lift a of a so that the end points of a are 
the same as that of L2 in S^. This lift a intersects Li at exactly one point q since 
fSn Li — {q'}. Let 7(t) be the geodesic starting from q which is a lift of the lasso 
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Gp{v) and u be the unit tangent vector in ^{t) which projects to w, i.e., n*(u) = v. 
We claim that u e ^2.3- Indeed, if /? is a hft of the geodesic path (3 starting at 

then a is the union U„gz72 (Z^)- Let A be the annulus in P bounded by (3 and 
L2- Then a universal cover ^ of A is the region bounded by L2 and U„gz72 
It follows that 7(t) is in A for t > small by the disjointness of /3 and the lasso. 
Consider the complete geodesic G[y,x\ which contains 7. First of all, c < y < d 
since G[y,x] intersects Li. Next, since n(G[y,x]) contains the lasso Gp{v), the 
preimages of the knot of Gp{v) in G'[?/,a;] contain two points of the form z,72(z). 
follows that ^2iG[y,x]) n G[y,x] ^ 0, i.e., x < e~'y. But e~'y < e~^d. Thus 
X < e~^d. Next, a; > since v is not in H(M^^). Furthermore, it is impossible for 
X e [l,e-'d] where G[l,e-^d] = 72(^1) since v ^ H{Bf^). Therefore, < x < 1. 
By proposition 4.6, v is between q' and the midpoint of the lasso. Thus we conclude 
that u is between q and p. Thus u € 02,3. 

Finally, to see that 11* | is injective in ^2,3, suppose that wi,W2 in ^^2,3 so that 
II*(wi) = n*(w2). Let Vi be in the geodesic G[qi,Xi] in 512,3 where qi e Li and 
< < 1. Since 11* : S{P) S{P) is a regular cover with deck transformation 
group 7ri(P), there exists a deck transformation element 7 so that 7(^1 ) = V2- 
In particular, j(G[qi,xi]) = G[q2,X2]- This implies that j{qi) = (72- Therefore, 
7(Li) = Li. However, the only deck transformations leaving Li invariant are 7". 
Therefore 7r(G'[gi, xi]) = G[q2,X2]. If n 7^ 0, by IHl) 7l^(/i) n /i = 0, we see 
that for xi G (0,1) C h = [0,e], then X2 = 7^(2^1) ^ -^i- Therefore, for ?i 7^ 0, 
7i(G[gi, Xi]) cannot be G[q2,X2] where Xi,X2 <E (0, 1). This shows that n = 0, i.e., 

Vi = V2- □ 

4.5. Vectors in V{T) for a 1-holed torus T. Let T be a hyperbolic 1-holed 
torus with geodesic boundary C and {A} the set of non-boundary parallel, simple 
closed geodesies on T. Then v G V{T) if and only if Gt{v) H C 7^ 0. In this case, 
cutting T along Gt{v)° gives a convex hyperbolic cylinder with two non-smooth, 
piecewise geodesic boundaries and there is a unique simple closed geodesic A <Z T 
which is disjoint from G{v). Hence V{T) decomposes into the infinite disjoint union 
y(T) = U{A}yA{T) where 

Va{T) = {ve V{T) I Gt{v) n a = 0}. 

Let Pa be the 3-holed sphere obtained by cutting T along A and label the bound- 
aries of Pa so that Li = G, L2 = A'^, L3 = A~. Note that there is an isometric 
involution of Pa sending L2 to L3 and fixing Li. Then, similar to the arguments 
in the previous two subsections, we conclude that Va{T) is the disjoint union 

^(^i^')U U iW{L,,M,)UW{L-\M,))\jA{ □ {WiL,,M,)UW{L-\M,))). 

It follows, from the symmetry of Pa, that 

fi{VA{T)) = fi{H{B^')) + 8fi{W{L2,M3)). 

Using the notation from ^2.21 and 12.31 that length{Bi) ^ pi = pa, h = ^3 = a and 
TO2 = TO3 = rriA, we obtain 

g{T) fi{W{T)) = fi{S{T)) - ^,{V{T)) = 4^^ _ ^ fi{VA{T)). 

A 
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Therefore, 

g{T) = 471^ ) + ^i{W{L^,Ah))). (19) 

^ cosh (pa/2) 

This is the formula ([T^ . 

5. Calculating the lasso function La{l,m) 

By §4. 41 and the work of Bridgeman, we see that the computation of the functions 
/ and g reduces to the computation of fi{W{Li, Mj)) for a 3-holed sphere P, or 
equivalently, We will show that the volume fi{W{Li, Mj)) depends only 

on the lengths h, mj of Li and Mj. The lasso function La(li,mj) is defined to 
be ^^{W{Li, Mj)). The goal of this section is to derive an explicit formula for 
La{l, m). 

Let us begin by recalling some well-known facts about hyperbolic geometry and 
the invariant measure on 5(13^). The invariant measure on the unit tangent bundle 
5(13^) in local coordinates can be written as 

2dxdydu 
{x - y)2 ' 

where a; 7^ y £ R and u G R so that the oriented geodesic j{v) determined by 
V £ S{lP) is G[x,y] and u is the signed distance from the base point of v to the 
highest point in the semi-circle G[x^ y] (in the Euclidean plane). See figure lTUl below. 




Figure 10. Coordinates for ^(IHI^) 

Let fl be the set defined by ([T5|) (i.e., J7 = ^2,3) where 1 < c < d. The main 
result in this section shows that the volume /i(r2) of fl is 

/ / dydx ^ 2{CC—^) - CC-^) + 2£(^) - 2£(^)) 

Jo Jc [x-yj^ d c d-1 c~d 

where C{x) is the Roger's dilogarithm. The right-hand-side of the above identity 
will be shown in lemma to be 2[C{x) — C{j-^) + ^(jE^)] where c = ^ and 
d = By proposition 14.81 we obtain La{li,mj) — ^iJ.(W{Li, Mj)) = ^/i(0) = 
'C(y) - 'C(i^) + £(1^) where c = e'', d = e'-coth2(!^) and x = e~'', y ^ 
tanh^(mj/2). Combining with lemma 14771 and ([T9l) . we obtain the formulas (fTO|) 
and (pjl in P 
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5.1. Deriving the volume formula for fl. We will establish, 
Proposition 5.1. The volume ofQ is given by 

Proof. Wc will use the following known distance formula in the hyperbolic plane. 
Namely, d{e''^,e-''^') = lncot((/)/2) + lncot(7/'/2) in where 0, V' e (0,7r/2). Let 
Ci = be the Euclidean center of the semi-circle G[x, y] and tp and (j) be the 
angles ZOCip and ZgCiy as shown in figure [TU] Then by the definition of the 
volume form, we see that is given by 

■ /•''21ncot(?/'/2) + 21ncot(</)/2)^ f \ /"^ ln[cot2(V;/2) cot2(0/2)] ^ 

V. ''^'^^l V. — — 

(21) 

We calculate cot2('0/2) and cot'^{(j)/2) using the cosine law for Euclidean triangles 
AOpCi and ACiC2(? where C2 = is the center of the semi-circle G[c, d]. 

Lemma 5.2. Suppose the lengths of a Euclidean triangle are l,m,n so that the 
angle facing the edge of length I is 9. Then 

(m + n + l)(m + n — I) 



cot^(6'/2) 



(m + I — n)(n -\- 1 — m) 



2_,2 

1 + cos(6') _ (to + n)2 - ;2 ^ (^rn + n + l){m + n - I) 



Indeed, by the cosine law that cos(6') = — we obtain 

cot2(e'/2) = 



1 — cos{6) P — (m — n)^ (to + I — n)(n + I ~ to) 

For the angle ip, the triangle AOpCi is right-angled. By taking 6 — ip, n = 
p, TO = and I = V TO^ — n^, we obtain cos(-!/') = and 

cot^t)^y, (22) 



For the angle 0, the edge lengths of the Euclidean triangle AqCiC2 are n = ^-j^, 
TO = £±fi^£:zy ^ and Z = so that is facing the edge of length /. Now using 

d — c + y ~ X + c + d — X ~ y 
I + m + n ^ '- = d ~ X, 

c + d — X — y + y — X — d + c 
m + n — I = = c — x, 

d — c + y — X — c— d + x + y 
I + n — m = '■ = y — c, 

d — c + c + d — X — y — y + x 
I + m — n = '■ = d ^ y, 

we obtain that 

cot'W2)^\ f-'\'^;-\ (23) 
(y - c)(y - d) 



Putting ([22]), ^ into dH]), we obtain 



21ncot(V'/2) + 2hicot(<?!)/2) =ln[cot2(VV2)cot2(0/2)] =ln|4^^ — ^7^^ — $1. (24) 

x{y -c){y- d) 
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□ 

5.2. Evaluation of the integral ()20p . The evaluation of the integral is similar 
to the work in [T]. Recall the Roger's dilogarithm £ is defined by £(0) = and 
2C'(x) = IILM „ llL^, for x<l. 

Proposition 5.3. If d > c > 1, then 

(25) 

Proof. To simplify notation, we use 

| 2/(a:-c)(x-d) ^ 

•^'(y - c)(y - cf) 

and the integral can be written as J^'' (Jl^)2 dydx. For simplicity, we drop 
the constant term in the indefinite integrals in the lemma below. 



Lemma 5.4. 



/ 



Ini? i^£_£K£_^ 1 1 

-dy ^ 2 + ( ) In \y\ 



{x — yY X — y X — y x 

+ (- ^) In \y-x\ + { — + ^—) In \y-c\ + { —+^—) In \y-d\. 

X X — c X — d X — y X — c x — y x ^ d 

Proof. Using integration by parts, we obtain 

J [x-yY J x~y 
Ini? f d\nR 



x-y J x-y 
\nR f dy A 1 1 , 
-( 1) 



X — y J y ^ X y y — c y — d 

+ / (t ^ - 7 T7 T - 7 T7 (26) 



x-y J {y-x)y {y-x){y-c) {y - x){y - d) 
Now using the integral formula that for a ^ 

^ [ln|y-a|-ln|y-6|]. 



{y-c){y- 



iy-a){y-b) (a-b) 
we can write p6)) as 

^^, {x-c){x-d) . 1^ 



X — y X — y 

+ -(ln \y~x\- In |?;|) —{In \y - x\ - In \y - c|) — 7(ln \y - x\ - In |y - d|) 

X X — c X — d 

1 I {x-c){x-d) I 

= ^ ^ - + { )ln|y| 

X — y X — y X 

+ (- ^ ^) In + ( — + ^—) In |y-c| + ( ^+^-7) In \y~d\. 

X X — c X — d X — y X — c x — y x — d 

□ 
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Lemma 5.5. Let W{x) = j^z^ydy. Then 

X X ~ d X X — c X — d X — c 

Proof. By lemma we can write W{x) as 

/I 1m ni^ ^ c){x — d) ,1 1m 1,1 / I 1m I I 

^ In ^ -\) + ^ - - 111 d In c 

X — a X — c X X — a X x — c x 

+ (- - — ^)(ln \x -d\-ln\x-c\) + ( + In \d - c\ 

X X — c X — a X — a X — c 

— lim( \ ) In \ij — c| 

y-i-c X — y X — c 

+ lim ( — + In \y-d\- ( — + In \c~d\. (27) 

i/^d X — y X — a X — c x — a 

Now both limits appearing in (j27p are zero since limt_i.o t In |i| = 0. Thus, by 
rewriting ([27]) after regrouping according to ^ , and jtz^ ; we obtain, 

VFfx) = i(- In \d\ + In IcI + In \x - d\ - In b - c|) 
a; 

H In Ix-cl-ln Ix-dl+ln Ixl-ln |c|-ln \x-d\+\n b-cl+ln |rf-c|+ln \d-c\) 

X — c 

H 3_(ln|a;-c|+ln|x-(i|-ln|;r|+ln|(i|-ln|a;-(i|+ln|x-c|-ln|d-c|-ln|d-c|) 

X — d 

= i(ln|^hln|^|)+^(ln|^|-21n|^|)+^(-ln|^|+21n|p^|) 

X d c X — c c c — d X — a d d — c 

^ ( Inl^l _ In^ _ In^ _ i!^) + .( l"lf^l _ 

a; X — d X X — c X — d x — c 

□ 

Now to finish the proof of proposition [531 following [1], we introduce the follow- 
ing function for a ^ 5 

J{x,a,b)^2C{^) 
a — b 

so that 

dJ{x,a,b) Inlffti Inlffgl 

J {x,a,b) = = — . 

dx X — a X — b 

By lemma [nm it follows that 

W{x) ^ J'{x, 0, d) - J'(x, 0, c) + 2 J'(x, d, c). 
Therefore, by the construction the double integral. 



1 '■'^ \nR 



;dydx 



Jc [x-yf 

1 

W{x)dx ^ J(l, 0, d) - J(0, 0, d) - J(l, 0, c) + J(0, 0, c) + 2 J(l, d, c) - 2 J(0, d, c) 
But J(0, 0, k) = 2/:(l), it follows that 



^ Ini? , , „,c-l, „„.c-l. 



c 
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□ 



To express the volume in terms of the lengths / and m, we take c = and 
d = e' coth2(m/2). Then £^ = 1 - e"', = 1 - e"' tanh2(m/2), £5! = (e-i - 

1) sinh^(77i/2), and = — sinh^(m/2). Thus using ([25]) . we see the volume 
in this case is 

2[/:(l-e"' tanh2(m/2))-£(l-e"')+2£((e-^-l) sinh2(m/2))-2£(- sinh2(m/2))]. 

We now establish the identity ^ for the lasso function from 

Lemma 5.6. Suppose c ~ ^ and d ^ in proposition [5^ where 1 < s,t < 1. 
Then 

Ci^)-CC—^) + 2cC—^)-2Ci^) = + (28) 

d c c — d c — d 1 — st 1 — st 

Proof. We have ^ = 1 - st, ^ = 1 - s, ^ = j^, where r = -^^^^ and 
= — j^- Note the Roger's dilogarithm satisfies C{1 — u) ~ 7r^/6 — C{u) and 
C{-j^) = -C{u) for < u < 1. It follows that C{^) = C{j^) = -C{r) = 
^CC-^)^uAC{^) = C{-^^)^-C{t). 
Thus the left-hand-side of (IMl) is 



£(1 - st) - C{1 - s) - 2C(^ — ^) + 2C{t) 

1 — st 

= 7rV6 - C{st) - + C{s) - 2CC-^^—^) + 2C{t) 

1 — st 

= Cis) - C{st) + 2C{t) - 2cC-^^—^) 

1 — st 

Using a variation of the pentagon relation ([S]) that 

C{xy) - C{x) - C{y) + C{^^^) + £(4^) = 0, 

1 — xy 1 — xy 

we can write the above as 

Since = 1 — j-^ and £(1 — u) = 7r^/6 — £(u), the above equation is £(t) — 

Corollary 5.7. (Equation Ul\) for f{P) ) Suppose P is a hyperbolic 3-holed sphere 
of boundary lengths U 's so that the lengths of Mi are nii and Bi arepi. Let Xi = e~'' 
and yi = tanh^(?Tii/2). Then 



3 
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Proof. Recall that by definition and lemma HJl f{P) = tJ-iW{P)) = KS{P)) - 
l^iViP)) = 4n^-[Y:lMHiM^') + ^^iH{B^'))+4.j:^^^ f,{W{L,,M,)]. It follows 
that 

Using >^( cosh^(m /2) ) ~ '^(-'^ ^ 2^*) ^ ''■^/6 — ^ivi) and lemma [5^ we can write the 
above as 

4n^-8[Y,{C{l-y,)+C{ } )) + Y,l^C{y,)-C{^—^) + C{^—y^))]. 
fr{ cosli^(p,/2) ^ l-x,yj l-x^yj 

Since £(1 - y^) + £(y,) = 7:^/6, and eo,h4pfc/2) = [i-^'HCj ®' ^^^'^ ^^^'^'^ 
equation is equivalent to the identity in the corollary. □ 



5.3. Surfaces with boundary. Let be a hyperbolic surface with non-empty 
geodesic boundary such that the Eulcr characteristic x{F) < — 1- As in §4, for a 
generic unit tangent vector v S S{F), G{v) is a graph contained in an embedded 
simple geometric subsurface S of F, except that now, G{v)r\dF may not be empty. 
Again, as in §4, we need to calculate fi{W{T,)), where 

VF(E) = e 5(I])|G(z;) = Gs(v)}. 

When E n dF = 0, then the computation of ^(W^(I])) is exactly the same as in §4. 
This occurs when E is a 1-holed torus T (since x{P) < or when it is a 3-holed 
sphere P for which dP dF ~ 0. It remains to compute ii{W{P)) when P is an 
embedded geometric 3- holed sphere for which dP D dF consists of either one or two 
components. 

Let Li,L2,L3 be the boundary components of P. We first consider the case 
where dP D OF has one component, which we may take to be Li by convention. 
We also use the shorthand notation 

WiLf\Mj) = M^(L„ A/,) □ W{L-\Mj). (29) 

We sec from the definition of W{P) that in this case, besides spines G{v) for P 
which do not intersect dP, G{v) is also a spine for P when 

V e H{Bf^) U W{Lf\M3) U W{Lf\M2) U A(W^(L^\ Mg) U W{Lf\ Ma)). 

It follows that for such P, 

f{P) ^Ji{W{P)) = f{P) + 8{C{ I ) + La{h,m3) + La{h,m2)) (30) 

cosh pi/2 

The remaining case is when dPndF has two components, which wc may take to 
be Li and L2 by convention. Now, besides spines G{v) for P which do not intersect 
dP, G{v) is also a spine for P when 

V e H{Bf^)[JH{Bf^)[JH{A'h) 

Uiy(L^\ Afg) U iy(L^\ M2) U iy(Lf \ M3) U W{L^^,Mi) 
UA{W{L^^,Nh) U W{Lf^,M2) U W{Lf^,Ivh) U ]^(L^\ A/i)). 



A DILOGARITHM IDENTITY ON MODULI SPACES OF CURVES 



25 



It follows that for such P, 

fiP) := ^,iWiP))^fiP) + 8{Ci I ) + £( I ) + £( / ) 

cosh pi/2 cosh P2/2 cosh TO3/2 

+La{l2, ms) + La(/3, 7712) + La(/i, ma) + ^0(^3, mi)} 
Theorem 1.2 now follows. 
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Appendix 

Al. Pentagon relations for dilogarithm and hyperbolic pentagons The 

following simple property was discovered during our study of the Roger's diloga- 
rithm. It puts the pentagon relations in the perspective of lengths of hyperbolic 
right-angled pentagons. 

Proposition 5.8. Suppose li, are the lengths of the five sides of a hyperbolic 
right-angled pentagon. Then 

5 

^£(tanh2(Z0) =^V2, 

i=l 

and 

cosh {k) 

In fact, each of the above is equivalent to the pentagon relation for the Roger's 
dilogarithm. 

Proof. We assume all pentagons are right-angled in the sequel. We begin with the 
sine law for pentagons. Suppose the edges ei, 65 in the hyperbolic pentagon are 
cyclically labelled so that the length of is U. Then the sine law for pentagon 
says that cosh^(/i) — sinh(Zi+2) sinh(/i+3). Let Si — sinh^(Zi), then the sine law 
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says Si + 1 ~ Si+2Si+3- Let xt ~ tanh^(Zi) = ^-^d let a; = xi, y ~ x^. Then 
X5 = Tz^, 2:4 = and X2 = 1 - x-y by the relations + 1 = Si+2Sj+3- 

Now the pentagon relation for the Roger's dilogarithm C{t) says for x,y £ (0, 1), 

C{x) + C{y) + C{1 xy) + C{^—^) + C{^^) = ^. 

1 — xy 1 — xy I 

The five variables inside £(t) are exactly tanh^(/i) by the above calculation. Thus 
the first identity follows. Since ^( eosh^a) ) ~ 7r^/6 — £(tanh^(a;)), the second equa- 
tion follows. 

□ 



A2. Using different rules to generate G(y) 

For a generic unit tangent vector v g S{F\ wc gave a somewhat arbitrary rule 
to define the graph Giv) in §3 (generating the geodesic at equal speed in both 
forwards and backwards direction until we obtain intersections), from which we 
obtained the decomposition of the unit tangent bundle 5'(F) which gave rise to the 
identities in Theorems 11.11 and 11.21 The main advantage of our choice was that 
for generic vectors v E S{F), G{v) = G{—v) so that in the computation of the 
measures fi{W(T,)) for geometrically embedded simple surfaces in ^ we were able 
to exploit the symmetry in our computations. In particular, in the computation of 
the measure of the set of vectors v G 5'(E) which generated lassos, we just doubled 
the measure of the vectors which generated the positively oriented lassos. A natural 
question which arises is whether we get different identities if we use a different rule 
for generating G{v). As an example, a fairly natural choice would be a forward 
first rule, that is, to generate g^(v) until the first point of intersection, after which 
we generate g~(v) until the next point of intersection, thereby producing a graph 
G{v) as in ^ More generally, we may generate g^{v) and g^{v) at different fixed 
constant speeds to obtain G{v). 

It is clear that the homotopy type of G{v) may be different for different rules, 
hence, we would obtain a different decomposition of the unit tangent bundle S{F). 
We claim here that nonetheless, the resulting identities obtained are all the same. 
The main observation is that the measure of the complementary set V(T,) of vectors 
which do not generate spines for a simple surface S C F are the same, for different 
rules. 

We give a brief explanation here. Recall from Lemma 14.71 that v £ V{P) if 
V e H{M^) or H{B^), i = 1,2,3, or w or -ve W{Lf\Mj), 1 < i ^ j < 3. 
Furthermore, the sets are disjoint. 

There is no problem with H{Mi) and H{Bi), the sets are the same whatever 
rules wc use to define G{v) and so they have the same measures. The issue arises 
in the sets W{Lf^,Mj), 1 < « 7^ j < 3, which depend on the rule used to define 
G{v). More specifically, suppose that a : [Ti,T2] — >■ P is a positively oriented 
lasso on P with base point on Li and with a positive loop around L2 such that 
a(T3) = a{T2) for some Ti < < T2 (cf definition |43]) . Then, if we use the 
original rule for generating G{v), v = a'{t) £ W{L2,M3) (that is, G{v) = a) if and 
only if Ti < t < '^^'^'^^ and ~v generates —a if and only if v generates a. However, 
for example, if we use the forward first rule instead, than v = a'{t) £ W{L2,M3) 
(that is, G{v) = a) if and only if Ti < t < T3, while —v generates —a if and only 
if = a'(t) with Ti <t< T2. 
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The main observation is that when we sum over the measure of aU v and —v 
which generate either a or —a, it is given by (T3 + T2) — 2Ti, which is the same as 
for the first rule. If we let W~ {L2, M3) be the set of vectors v G S{P) generating 
lassos with negative orientation and base point at Li and loop homotopic to L2, 
then it follows that the measure of W{L2, A'h) U W~{L2, M^) is the same for both 
rules. In fact, the same argument shows that any consistently applied rule gives 
the same measure for W{L2, M3) U W~ {L2, M2), the extra measure in one set is 
compensated by the deficit in the other. It follows that f{P) depends only on the 
lengths Li,L2 and L3. A similar argument holds for g{T), f{P) and f{P). 
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